The accurate characterisation of quantum processes is essential for any system design, but at the same time poses a demanding task. The Hamiltonian associated with the process generates a unitary time evolution that is described by a complex-valued matrix. Thus, gaining complete knowledge on the process means to reveal both, the real and imaginary part of all matrix 1
coefficients. This can be achieved by monitoring the action of the process on a chosen set of basis functions 17 . This procedure has been successfully implemented for phase-space tomography of a quantum process, deploying standard homodyne measurements on a basis set of coherent states 18 . Note however that standard homodyne detection measures in the photon-number basis and largely neglects the TF properties of the process. The TF structure can only be recovered with large experimental effort, because many measurements and involved data processing techniques are required [19] [20] [21] . This overhead renders a high-resolution retrieval of TF characteristics unfeasible.
In this paper we follow a different path that was recently referred to as stimulated emission tomography 22 and demonstrate that it is better adapted to the quick and reliable characterization of the complete TF properties of PDC. To this end, we focussed on waveguided PDC which provides a clean model system, since the spatial and spectral-temporal degrees of freedom are intrinsically decoupled.
PDC is a three-wave mixing process, in which a bright pump field couples to the quantum mechanical vacuum such that during the propagation a pump photon decays into a pair of photons, usually labeled signal and idler. Formally, the unitary operation of this process may be written aŝ
where the constant B is a measure for the PDC gain. The function f (ω s , ω i ) is the complex-valued JSA, which contains the complete TF structure of the PDC and theâ † (ω s ) andb † (ω i ) are standard creation operators generating signal and idler photons at frequencies ω s and ω i . We can decompose the JSA function into two constituents, namely the pump envelope function f p (ω s + ω i ) and the
Here, σ p denotes the spectral 
To retrieve the complete JSA function, we recall that PDC -as a three-wave mixing process -implements phase-sensitive amplification when seeding the signal and idler. This means that, depending on their phases relative to the pump, the seed fields are either amplified of depleted. We model the seed fields as delta-like distributions α(ω) = αe ıφα δ(ω − ω α ) and β(ω) = βe ıφ β δ(ω − ω β ), where |α| 2 and |β| 2 are the intensities of the seed fields, φ α and φ β are their phases with respect to the PDC pump, and ω α and ω β are their central frequencies, respectively. Amplification and depletion of the seed fields are hence governed by φ α + φ β . Consequently, we find for the intensity of either of the seed fields after the PDC process (for details see the supplementary information):
Here, φ JSA is the phase contribution of the JSA function at the point (ω α , ω β ), which for a standard PDC ranges between 0 and π. Measuring the intensity in one arm of the PDC with a linear photodiode grants direct access to both, the modulus and the phase of the JSA function, if the intensities and phases of the seed fields are known. Note that even without knowledge of the phases, our approach is superior to common characterisation methods, which retrieve only to the spectral
There, an unfavorable signal-to-noise ratio masks important features of the JSA such as the sinc-function sidelobes.
In our experiment shown in Fig. 1 , we deployed a commercially available waveguide chip of periodically poled potassium titanyl phosphate (for more details see Methods). To realize different waveguide lengths L without actually cutting the crystal, the waveguide strips feature different periodic poling lengths, hence different PDC interaction lengths. Prior to the measurements, we carefully characterized the properties of the different waveguides. We could retrieve the phasematching function f k (ω s , ω i ), which was oriented along an angle of −35
• with respect to the ω s -axis and had a spectral width ranging from 0.5 nm to 2.5 nm, depending on the waveguide length.
To generate and tailor the seed fields, we used a programmable accousto-optic pulse shaper, for pulse synchronization, a small portion of the Ti:Sapph radiation was sent to the pulse shaper (Fastlite Dazzler) which was used to independently shape the two seed fields in orthogonal polarizations. Each seed field was again temporally delayed and then the fields were recombined on a polarizing beamsplitter (PBS). The main part of the laser light was sent to a second-harmonic generation (SHG) with a successive short pass filter (SPF), to suppress the remaining fundamental radiation. Then, a spatial mode cleaner consisting of two lenses and a pinhole was deployed to optimize the SHG, which served as pump for the PDC. Seed fields and pump pulses were combined on a dichroic mirror (DM) and coupled to the nonlinear waveguide with a 20× microscope objective (MO). Behind the waveguide, a long-pass filter (LPF) and another PBS were used to separate the pump and the modified seed fields from each other. One seed was detected with a linear avalanche photo diode and its electric response signal was digitized with a fast A/D transient recorder.
Dazzler, from Fastlite, with a spectral resolution of 0.1 nm and a minimal bandwidth of 0.3 nm.
Here, acoustic and optical pulses travel in quasi-collinear configuration. Since the acoustic velocity is much slower than their optical counterpart, a burst of 100 optical pulses is shaped while the acoustic pulse traverses the Dazzler. The dispersion properties of the Dazzler inevitably lead to a change of φ α + φ β between successive pulses. For more details see the Methods section.
We monitored the intensity I α in one arm of the PDC with a Hamamatsu S5343 avalanche photo diode (APD) operated in linear amplification regime. Typical measurement traces are shown in Fig. 2 . Here, we plot the APD signal against the number of the optical pulse in the burst for different sampling points (ω s , ω i ). We observe alternating amplification and de-amplification of the signal, in accordance with equation (3), where the period of the oscillation is defined by the dispersion of the pulse shaper. The amplitude of the oscillations provides direct access to the modulus of the JSA function, whereas its period does not play a role for the reconstruction.
The yellow trace in Fig. 2 corresponds to a frequency combination (ω α , ω β ), for which the dispersion of the Dazzler leads to a phase change of φ α + φ β = 2nπ with n being a (large) integer.
Consequently, we observe no oscillations in I α . However, these traces are extremely valuable for the reconstruction of the actual phase of the JSA φ JSA , as described below.
We scanned the JSA function for different waveguides on our sample. In Fig. 3 , we plot the measured JSA functions for waveguides with interaction lengths of 2.5 mm and 1.0 mm, respectively. The sidelobes of the sinc-shaped phasematching function can be clearly seen in the measurement. This highlights the outstanding resolution of our approach, which in our case is only limited by the resolution of the pulse shaper. The black regions in Fig. 3 correspond to the aforementioned period constellation where no oscillations in I α are observed.
Finally, in Fig. 4 , we present the mapped phase of the JSA. For this purpose, we recorded the intensity at one specific pulse number when scanning the seed frequencies ω α and ω β across one of the black regions in Fig. 3 . In this configuration, φ α + φ β is constant, hence any changes in the show its real part in Fig. 4 (bottom plot).
In this paper we have introduced a novel method for a fast TF quantum process tomography of PDC. By phase-sensitive seeding of the PDC with two coherent fields, we demonstrated the direct measurement of the complex-valued JSA function which characterizes the complete PDC TF structure. In contrast to quantum process tomography protocols based on standard homodyne detection, our approach is highly adapted to measuring the spectral-temporal characteristics of a PDC and can be implemented with off-the-shelf components. Hence, we expect this characterization technique to have an impact on many quantum optical applications relying on engineered parametric processes for the tailored generation of exotic quantum states of light.
Methods
The cavity-dumped Ti:Sapph laser had a spectral bandwidth of 50 nm, and was driven at a repetion frequency of 2 MHz. The part of the laser light that formed the seeds was sent to the Dazzler with a polarization of 45 • , which facilitated independent shaping of the H and V component. The remaining laser light was sent through the SHG, which we realized in a 3 mm long BiB 3 O 6 crystal.
The SHG with a FWHM of around 1.7 nm was tuneable from 396 nm to 401 nm by adjusting the tilt and provided up to 
